Abstract. We consider the l-part of the Bloch-Kato conjecture for L(Sym 2 (E), 2), where E is an elliptic curve with multiplicative reduction at l. Determining the l-part of the Tamagawa factor at l allows us to deduce a partial result and obtain some numerical evidence.
Introduction
Let E/Q be an elliptic curve of conductor N . Consider first the case that N is square-free, i.e. that E is semi-stable. For each prime number p N let α p and β p be the eigenvalues of a geometric Frobenius element Frob p acting on an l-adic Tate module T l (E), for any prime l = p. If p | N let β p = 0 and
+1 if E has split multiplicative reduction at p; −1 if E has non-split multiplicative reduction at p.
The L-function attached to E is described by the following Euler product for (s) > 3/2:
Thanks to the modularity of E [Wi] , [TW] , it is known that L(E, s) is entire and satisfies a functional equation relating its values at s and 2 − s. The symmetric square L-function attached to E is described by the following Euler product for (s) > 2.
L(Sym
. It is known [Sh1] that it is entire and satisfies the functional equation The gamma factors in the functional equation force L(Sym 2 (E), s) to vanish at all integer points s ≤ 0. These points at which there are trivial zeros, together with the integer points s ≥ 3 with which they are paired by the functional equation, are said to be non-critical. The remaining integer points s = 1 and s = 2 (which are, of course, paired by the functional equation) are the critical points.
In the case where N is not square-free, the Euler factors in L(Sym 2 (E), s) at primes p such that p 2 | N are a bit more tricky to make explicit. See [CS] and [Wa] . The proof of the modularity of E was completed in [BCDT] . For the proof in general of the functional equation for L(Sym 2 (E), s) see [GJ] or [CS] .
In general, the factor N −s in the functional equation is replaced byÑ −s , wherẽ N may differ from N at primes p such that p
The special value L(Sym 2 (E), 2) may be evaluated using the Rankin-Selberg method, see (2.5) of [Sh2] . Flach [Fl1] was the first to compare this with the conjectural Bloch-Kato formula [BK] and to obtain some evidence for this special case of their conjecture [Fl2] , which is closely related to a key result in the famous work of Taylor and Wiles [Wi] , [TW] . Building on [Wi] , [TW] , Diamond, Flach and Guo [DFG1] , [DFG2] have now proved a general result on the Bloch-Kato conjecture (at s = 1) for the adjoint L-function of a newform of weight k ≥ 2. In the case that the newform has trivial character, this is equivalent to the symmetric square L-function (at s = k). Applying their result to L(Sym 2 (E), 2) proves the l-part of the Bloch-Kato conjecture for primes l ≥ 5 where E has good reduction and the representation of Gal(Q/Q) on E[l] is irreducible. (It also proves it for l = 3 if E has good reduction at 3 and the representation of
The purpose of this paper is to deduce a partial result (when E[l] is irreducible, Proposition 8.2) and to obtain some numerical evidence (when E[l] is reducible) concerning the l-part of the Bloch-Kato conjecture for L(Sym 2 (E), 2), where l ≥ 5 is a prime of multiplicative reduction. The key step is to determine the l-part of the Tamagawa factor c l occurring in the conjectural formula for L(Sym 2 (E), 2). Using the functional equation and results of , [P2] we reduce the problem to that of determining the l-part of the Tamagawa factor c l (−1) occurring in the conjectural formula for L(Sym 2 (E), 1). Our main result (Theorem 5.1) is that this is simply |ord l (j(E))| −1 l . Thus in the case of split multiplicative reduction it is exactly the same as the l-part of the factor c l in the original Birch and Swinnerton-Dyer conjecture for E.
The proof relies on the theories of ordinary and semi-stable p-adic representations of Gal(Q p /Q p ) and Fontaine's filtered (φ, N )-modules [Fo2] , [P1] , and especially on Breuil's integral refinements [Br1] , [Br2] . I thank the referee for helpful comments concerning both the exposition and the substance of an earlier version of this paper, in particular for pointing out the necessity of Proposition 6.1 and giving hints towards the proof.
Some definitions
E/Q is an elliptic curve of conductor N . Let l be a prime number, let T l = lim ← − E[l n ] be the l-adic Tate module of E, and
The absolute Galois group Gal(Q/Q) acts continuously on all of these modules, in a natural way. As Galois modules,
Here the c p are certain rational "Tamagawa factors", almost all of which are equal to 1. If p is a finite prime and l = p then the l-part of c p is by definition #H 
This is due to Flach, and follows from a corrected version of Lemma 1 in [Fl1] . The main goal of this paper is to determine the p-part of c p when p is a prime of multiplicative reduction.
The Bloch-Kato exponential map
For the definitions of Fontaine's rings B dR and B crys one may consult Chapter 1 of [BK] , for example. Alternatively see [Fo1] , where there is also the definition of B st . All these rings come equipped with actions of Gal(Q p /Q p ), and B st has operators φ (Frobenius) and N (monodromy) satisfying Nφ = pφN , such that
be defined with respect to continuous cocycles and coboundaries. Bloch and Kato (Chapter 3 of [BK] ) define subspaces
as follows (we already defined [BK] there is an exact sequence
Now for V we substitute V p from §2, with p a prime of multiplicative reduction. It follows from Proposition 6.5 below that det(1 − φu :
(see the end of §5 below) is semi-stable (by the proposition in 3.1 of [P1]) hence deRham. It then follows from Theorem 4.1(ii) of [BK] that in this case exp is an isomorphism, and that
A comparison theorem naturally identifies D dR (V p ) with D, with the filtration shifted by 2 (see the comment following Corollary 6.4 below), so that we get an isomorphism of 2-dimensional Q p -vector spaces
On the left hand side we have an integral structure
(Multiply the size of its torsion subgroup by the measure of its image in H
of 1-dimensional Q p -vector spaces, we may likewise define the p-part of c p (−1), a Tamagawa factor appearing in the Bloch-Kato conjecture at s = 1. Even though s = 1 is left of the central point of the functional equation, the conjecture makes sense in this instance. Apart from [FP] , see [Fo3] for the Fontaine-Perrin-Riou generalisation of the conjecture to arbitrary integer points, especially §11 for the relation with the original conjecture of [BK] .
An isomorphism of finite parts
identified with D , with the filtration shifted by 1 (see the comment following Corollary 6.4 below), so that we get an isomorphism of 1-dimensional Q p -vector spaces
as above, to define the p-part of a Tamagawa factor c p .
Theorem 5.1. Assume that p ≥ 5 and that E has split multiplicative reduction at p. There is an injection
All the horizontal maps are isomorphisms, and f identifies
The proof of this theorem will occupy this section and the next. For the proof of the following proposition, due to Tate, see [Si] (Chapter V, Lemma 5.1, Lemma 5.2 and Theorem 5.3). 
Proposition 5.2. Let E be an elliptic curve defined over
Q p , with ord p (j) =: −d p < 0. There is a unique q ∈ Q p such that j(E) = 1 q + 744 + 196884q + . . . .
There is an isomorphism of groups:
We get an exact sequence 1)). Likewise using the exact sequence
(which includes the injection of Gal(Q p /Q p )-modules referred to in Theorem 5.1) we obtain an injection from
. Hence if our claim were false there would exist a non-zero element of
But by the table in Example 3.9 of [BK] , (7) and (8) arising from the Tate parametrisation show that V p and V p are ordinary.
A strongly divisible (φ, N )-filtered module
A (φ, N )-filtered module (over Q p ) is a Q p -vector space D (temporarily suspend the notation of §4) with a decreasing, exhaustive, separated filtration by subspaces D i (i ∈ Z), a linear isomorphism φ and an endomorphism N satisfying Nφ = pφN . Among all (φ, N )-filtered modules, some are said to be weakly admissible, and among these, some are said to be ordinary. For definitions see (for example) 1.2 of [P1] . Our restriction to modules over Q p is not really necessary, but they are all we need.
From
Conversely, from a (φ, N )-filtered module D one obtains a p-adic representation
e. the set of morphisms from D to B st in the category of (φ, N )-filtered modules.
It has been proved by Colmez and Fontaine [CF] that these functors set up an anti-equivalence between the category of semi-stable p-adic representations of Gal(Q p /Q p ) and the category of finite-dimensional, weakly admissible (φ, N )-filtered modules over Q p . It had earlier been proved by Perrin-Riou (the theorem in 1.5 of [P1] ) that they set up an anti-equivalence between the category of finitedimensional, ordinary p-adic representations of Gal(Q p /Q p ) and the category of finite-dimensional, ordinary (φ, N )-filtered modules over Q p .
Let S be the p-adic completion of the divided-power algebra Z p u , as in 2.1.1 of [Br1] . Breuil (see 4.2 of [Br3] ) associates to any "strongly divisible" module
Let E/Z p be a minimal proper, regular model for E and let E n /(Z/p n Z) be its reduction modulo p n . For each n ≥ 1 we may use the homomorphism of S/p n S to Z/p n Z which sends u to p, to consider E n as a log-scheme over S/p n S, where E n has the canonical log-structure associated to the special fibre and S/p n S is endowed with the log-structure (1 → u). (See [K2] or Section 2 of [HK] for more on log-structures.) Then, following Breuil, we may consider the S-module
Here we are using log-crystalline cohomology for the structure sheaf. Let f p : S → Z p be the homomorphism which maps u to p. 
This allows one to define φ and N acting on H 1 st (E/Z p ), and also a filtration, in fact H 1 st (E/Z p ) becomes a strongly divisible S-module (Proposition 4.1.5 of [Br2] ). Now the second isomorphism in Corollaire 4.3.1.4 of [Br2] shows that the
) is log-crystalline cohomology for the structure sheaf, where the base has log-structure (1 → p). M HK is in turn equated with the modified deRham cohomology H 1 (E, ω . E/Z p ) of Hyodo, which comes from a complex (ofétale sheaves) involving differentials with log poles. This follows from Theorem 6.4 of [K2] , with X = Y = E 1 and F the structure sheaf. Note that the log-structures involved are fine, by (2.5)(1) of [K2] . See also (3.7)(2) of [K2] for the required log-smoothness.
It is an important fact, proved in Proposition 4.3.2.3 of [Br2] , that the filtration on M HK which is the image under f p of the filtration on H [I] . Also note that it is alright to use the Zariski topology for these subfactors. Here, ω 1 E/Z p is a sheaf of differentials with log poles, which, by p. 95 (and (Du1) on p. 93) of [Hi] is a dualizing sheaf. These subfactors of
) are then in Grothendieck-Serre duality to each other (see Theorem 2.1.1 of [Hi] ). To complete the identification of
) is generated by a Néron differential (see III.10 of [N] 
For the rest of this section assume that p ≥ 3.
This follows from Théorème 1.4 of [Br2] (p ≥ 3 ensures that Fil p−1 = 0).
). We could also have got this from the comparison theorem of Kato and Tsuji [K1] , [Ts] , or even from the special case of abelian varieties proved earlier by Fontaine [Fo4] . An isomorphism between D and D dR (V p (−1)) is used in §4 above, in connection with the exponential map. This isomorphism should be taken to be the one constructed above.
Our aim now is to obtain explicit descriptions of D and M , which we shall then use to finish off the proof of Theorem 5.1. 
This follows from the proposition in 3.5 of [P1] .
Remark 6.6. The quantity λ/α is nothing other than the "L-invariant" appearing in the conjecture of Mazur, Tate and Teitelbaum (theorem of Greenberg and Stevens) [MTT] , [GS] . The connection with (φ, N )-modules was used by Fontaine and Mazur [M] to generalise the L-invariant, for example to modular forms of higher weight.
For the rest of this section assume that p ≥ 5.
Proposition 6.7. Let M be the Z p -span of e 0 and e 1 and let
with a natural filtration and operators φ and N , is a strongly divisible
S-module, in the sense of [Br1] .
To prove this, one notes that we are in"le cas naif" of §5 of [Br1] , and follows the recipe there for construction of a strongly divisible module. In his notation, e 1 = e 1 − λe 0 , and
p does belong to Z p , since the series for log p (x) shows that p divides λ. The condition about the length of the filtration not exceeding p − 2 (just before Proposition 5.3 in [Br1] ) is satisfied since p ≥ 5.
It is worth remarking that, since we are in "le cas naif" (N ( Br4] ) is simply the tensor product of the filtration on M and the filtration
Proof. In the proof of the proposition in 3.5 of [P1] , Perrin-Riou constructs a Q p -basis {f 1 , f 2 } for V * st (D ) (or rather for something which includes V * st (D ) as a special case). As elements of V *
f 2 (e 0 ) = 1, f 2 (e 1 ) = LOG(q), where t and LOG(q) are defined on p.202 in [P1] . We have used for Proposition 6.5 the fact that the Gal(Q p /Q p )-action on V * st (D ) (described explicitly in [P1] ) is visibly the same as that on V p . But it is just as easy to see that the Z p -lattice spanned by f 1 and f 2 is isomorphic (with Gal(Q p /Q p )-action) to T p . Moreover, Proof. Above we mentioned the Z p -basis
where t and LOG(q) are defined on p.202 in [P1] . Note that Gal(Q p /Q p ) acts on Z p t by the cyclotomic character. In fact, considering the exact sequence
f 1 generates the submodule Q p (1) and the image of f 2 generates the quotient. The embedding of V p into V p (−1) which appears in the exact sequence
is just multiplication by f 1 (−1), where we consider a basis {f 1 (−1), f 2 (−1)} for
claim that the element of D to which it corresponds is e 0 . To see this, note that under the duality between V p and V p (−1) (coming from the Weil pairing), f 1 (f 1 (−1)) = 0 and f 2 (f 1 (−1)) = 1, which is exactly what f 1 and f 2 do to e 0 . Hence [De] that (with the natural choices of lattices used throughout this paper) the factor "ζ M (∞) " in the equation (C.2) is trivial. The term ± (M ) on the right of (C.2) comes from the exponential factor in the functional equation, and in our case isÑ/Ñ 2 = 1/Ñ . The p-part of the ratio c p /c p (−1) appears on the left of (C.2), and all the other factors contribute nothing locally at p. Since p ||Ñ , the result follows. [Fl1] ) that if the Bloch-Kato conjecture is true then sometimes the p-part of c p has to be non-integral.
Remark 7.2. It was already observed by Flach (see the example after Theorem 1 in

The irreducible case
The following is Theorem 3.53 of [DDT] . 
Note that in [DDT] (just before Theorem 2.41),
, where for each n the latter is defined by certain local conditions. However, it follows from (1.7) of [Wi] and from the last line of p.56 of [DDT] 
The reducible case, examples
In [Du] we looked at many examples of semi-stable elliptic curves for which the representation of Gal(Q/Q) on A [l] is reducible and therefore the theorem of [DFG2] does not apply. In fact we concentrated on examples where E possesses a rational point of order l = 5. The formula (10) of [Fl1] , in the case where E is semi-stable (i.e. N is square-free), shows that the Bloch-Kato conjecture for L ( Here, φ is a modular parametrisation of E and c is the associated Manin constant. If (semi-stable) E is a strong Weil curve within its isogeny class (as in the following examples) then c is at worst a power of 2, so has trivial l-part for odd prime l, in fact if N is also odd then it is known that c = 1 [AU] . In [Du] we had to restrict to the case where l N so that E has good reduction at l, but now, armed with Proposition 7.1, we may consider examples where l | N and E has multiplicative reduction at l, using (9) to predict the l-part of the order of X . The examples below were the first few found in the tables of [Cr] . In all cases there is (by choice) a rational point of order 5. [a 1 , a 2 , a 3 , a 4 , a 6 ] are the coefficients in a minimal Weierstrass equation for E, and ∆ is the minimal discriminant. C is the 5-part of the product c p (determined using Lemma 3.1 (with Lemma 3.3 of [Du] ) and Proposition 7.1), D is the 5-part of #H 0 (Q, A)#H 0 (Q, A(−1)) (determined using Lemmas 4.3 and 4.4 of [Du] ), deg is the 5-part of deg φ and #5-X ? is the order of the 5-part of X predicted by (9) by plugging in all the other quantities.
Observe that, in all but two of these examples, #5-X ? = 5
Rank . When E has a rational point of order l ≥ 5, it is shown in §5 of [Du] (under certain conditions) how to use rational points of infinite order to produce elements of order l in X , in the case when E has good reduction at l. If this construction still works in the case of multiplicative reduction, it would provide some sort of explanation for the above observation. However, now it seems to be more difficult to deal with the local condition at l.
